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RESUMO

A equacdo de Schrodinger em uma coordenada toroidal foi proposta na fisica teérica para obter as
informacgdes e o comportamento do sistema de particulas. Foi resolvido recentemente, no caso de uma particula
escalar carregada interagindo com um campo magnético uniforme, um campo elétrico uniforme e uma carga
neutra restringida a superficie. A metodologia usada no referido trabalho foi resolver a equacéo de Schrédinger
usando uma abordagem descrita no tratado Whittaker-Watson que lida com um problema de valor préprio infinito-
dimensional e com valores particulares especificos do campo aplicado para o problema de fungéo prépria,
enquanto no problema da mecanica quéantica um tinha um problema de autovalor generalizado de dimenséao
infinita. Este estudo teve como objetivo obter o valor proprio de energia ndo-relativistica e a fungéo de onda radial
da equacdo de Schroedinger sob a influéncia do potencial de Yukawa. O método da Mecénica Quéntica
Supersimétrica (SUSY QM) foi usado como base para abordar o objetivo principal deste artigo, estudar o
problema de uma particula com massa variavel em coordenadas toroidais. O super potencial adequado foi usado
para lidar com a forma hiperbdlica do potencial efetivo e os espectros de energia foram calculados para diferentes
nameros quanticos, profundidade potencial e pardmetros potenciais. A equacédo da funcdo de onda radial para o
solo e o estado excitado foi obtida. Os resultados mostraram que o valor crescente dos niumeros quanticos fez
com que os espectros de energia do sistema aumentassem para o valor mais alto quando o nimero quantico era
igual ao pardmetro potencial, o que significa que o valor energético mais eficaz foi produzido e depois diminuiu.
Enquanto o valor da energia ndo dependia da alteracdo do pardmetro potencial. Essa propriedade poderia ser
usada para produzir essa equagcdo como uma aplicagdo dos resultados anteriores. A fungéo propria de
Schrédinger foi usada como ponto de partida para resolver a outra equagdo no mesmo cendrio e potencial
geomeétrico.

Palavras-chave: Valor proprio da energia, espectros de energia, fungdo de onda no estado fundamental
ABSTRACT

Schrodinger equation on a toroidal coordinate was proposed in theoretical physics to get the information
and the behavior of the system of particle. It was solved just recently in case of a charged scalar particle interacting
with a uniform magnetic field, a uniform electric field, and a neutral charge constrained to the surface. The
methodology used in the referred work was to solve the Schrodinger equation using an approach outlined in the
Whittaker-Watson treatise, which deals with an infinite-dimensional eigenvalue problem and specific particular
values of the applied field for eigenfunction problem. In contrast, in the quantum mechanical problem, one had an
infinite-dimensional generalized eigenvalue problem. This study aimed to obtain the non-relativistic energy
eigenvalue and the radial wave function of the Schrodinger equation under the influence of Yukawa potential. The
Supersymmetric Quantum Mechanics (SUSY QM) method was used as a basis to tackle the primary objective of
this paper to study the problem of a particle with variable mass in toroidal coordinate. The proper super potential
was used to deal with the hyperbolic form of effective potential, and the energy spectra were calculated for
different quantum numbers, potential depth, and potential parameters. The radial wave function equation for
ground and excited state were obtained. The results showed that the increasing value of the quantum numbers
caused the energy spectra of the system to increase to the highest value when the quantum number was equal
to the potential parameter, which means the most effective energy value was produced, then it was decreased
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afterward. While the energy value did not depend on the change of the potential parameter. This property could
be used to produce this equation as an application of the previous results, the Schrodinger eigenfunction was
used as the starting points to solve the other equation in the same geometrical setting and potential.

Keywords: Energy eigenvalue, energy spectra, ground-state wave function

1. INTRODUCTION:

There had been increasing interest in
theoretical physics to obtain the exact solution of
the Schrodinger equation in spacetimes with non-
spherical topology and negative cosmological
constant (Krisch and Glass, 2003). The main
purposes of this interest were to obtain the energy
eigenvalue and the wave function. It was important
to understand because it contained all the
information about the quantum system. However,
SUSY QM allowed one to determine eigenvalues
and eigenstates of known analytically solvable
potentials using algebra operator formalism
without ever had to solve the Schrédinger
differential equation by standard series method
(Cari et al., 2014). The other methods have been
used to solve the Schrodinger equation, such as
the Hypergeometric method (Dianawati et al.,
2018), Nikiforov-Uvarov method (Onate et al.,
2018), and Asymptotic Iteration Method (Elviyanti
et al., 2018).

The method of separation of variables in
various coordinate systems was a classic
approach to find the exact solutions of the
Schrodinger equation that had been thoroughly
studied. One such set of coordinates was the
toroidal system, but it will be argued that some of
the usefulness of this coordinate system had been
hidden. It was because, while the usual way of
separating the variables was appropriate for some
situations, there was another way that more suited
to a certain class of problems, in particular, some
interesting problems in electrostatics (Andrews,
2006)

The toroidal coordinates (Moon and
Spencer, 1971) of any point were given by the
intersection of a torus, a sphere with its center on
the axis of the torus (the z-axis), and an azimuthal
half-plane (terminated by the z-axis). A toroid with
a circular cross-section was a torus, so a torus was
a toroid, and tori were toroids (Lucht, 2016). The
radius and center of the sphere were determined
by the spherical coordinate p, the major and minor
radii of the torus were given by the toroidal
coordinate n, and the particular half-plane was
specified by its azimuthal angle ¢.

The solutions for the Schrodinger equation
with a position-dependent mass lie at the center of

interest of the professional public because it
helped us to understand the behavior of quantum
particles in the cases in which their mass varies
spatially (Bednarik and Cervenka, 2017). For
instance, the variable mass Schrodinger equation
played an essential role in the study of the
electronic properties of inhomogeneous crystals,
guantum dots, and quantum liquids (Golubov and
Mazin, 1997). A suitable choice of a mass position
function of the exponential-like form had been
devised (Meyur, et al., 2014). However, the
application of variable mass in the Schrodinger
equation was needed to be studied in a significant
way.

Energy eigenvalue and wave function of
non-relativistic particle have been solved using
Schrodinger equation in the presence of many
potentials such as Eckart potential (Goudarzi and
Vahidi, 2011), Poschl-Teller (Suparmi et al.,
2012), Hylleraas (Suparmi et al., 2017), and ring-
shaped pseudo-harmonic oscillatory (Oliveira and
Schmidth, 2019). The energy eigenvalue and
wave function also could be used to determine
other properties and further information of the
system such as thermodynamics properties
(Adebimpe et al., 2019), entropy information
(Faniandari et al., 2019; Ma’arif et al., 2019) and
optical properties (Falkovsky, 2008).

The hyperbolic form of Yukawa potential
was put into the formulation of the radial part of the
Schrodinger equation in toroidal coordinates. The
supersymmetric quantum mechanics method and
variable mass were used. Therefore, this study
aimed to obtain the energy eigenvalue, the un-
normalized ground state wave function, and the
exciting wave function of the system.

2. MATERIALS AND METHODS:

2.1. Schrodinger Equation with Variable Mass

The Laplacian in this coordinate was given

by:
%;(hﬂsinhyg—wj
sin
vzwzia Hor “ (Eq. 1)
h“t of, a¥) h ¥
+t—|h — |+ ———
| on\ " 0n) sinh® u 04 |
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where

¥ = \/cosh u—cosnF (u,7,4) (Eq. 2)
a

h =h=————— Eqg. 3a

“ % cosh u—cosny (Eq. 3a)

h, = asimhu__ (Eq. 3b)
cosh y—cosn

After applying the general wave function
and scaling factors, the Laplacian could be
simplified, so the Schrodinger equation with
energy eigenvalue and potential was defined as

a[ 8F] 0°F
sinh — |+~
on

(cosh - cosn) sinh i du 6y
Sl th 2
2 L 0% 1 (Eq. 4)
" inh? uog 4
2m 2m
—h—VF(ﬂ 1, ¢):_h_2EF (#.1.9)

The variable mass was proposed as

m, (cosh 4 —cos 77)2

m= " (Eq. 5)
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Figure 1. Plot for mass function m with the
variationof n, m, =1, a=1
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Figure 2. Plot for mass function m with the
variation of u, m, =1, a=1

The non-central potential was applied to Eq. (4)
which expressed by

V(4)

V(e,17,8) =V () +V (1) + sinh? i

(Eq. 6)

Generally, the Schrodinger equation could be
solved by reducing the system of particles to the
second-order differential equation. For the wave
function

F=M(u)H(n)P(¢) (Eq. 7)
The angular parts were
0°H  2m,
V(n)H=4H Eqg. 8
PR (mMH=4 (Eq. 8)
o*P  2m,
V(@)P=4P Eqg. 9
EYa (PP =14 (Eq. 9)
and the radial part was
< smhuy 2n;(’V(u)M
Slnh,u 8,u ou h
(Eq. 10)

_AM — 1 2m2E M = _2?2 M
h sinh® i

The solution was simplified to be
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1
waK w TRy
2m. du®  2m, sinh?®
b OH o H (Eq. 11)
hZ
+V K- K-EK =0
(W) K- 4 om,
where M = K

Jsinhu
2.2. Supersymmetric Quantum Mechanics Method

Quantum mechanics, in its development,
had brought the concept of symmetry as a
foundation for thinking to simplify physical
systems. The concept of symmetry
mathematically means the invariant nature of a
system when subject to a particular
transformation. Closed algebra under the anti-
commutation relationship was introduced in the
supersymmetry system. The Supersymmetry
system in quantum mechanics was defined as a
system consisting of a supercharge operator Q;
which was commutative towards Hamiltonian
Supersymmetry (Hss) (Witten, 1981).
[Qi,Hss] =0and i=1,2, ...,.N (Eqg. 12)
where N was the number of generators and meets
the anti-commutation relationship below
{QlQ}} = 5inss (Eg. 13)
Hamiltonian Supersymmetry (Hss) was defined as
the sum of squares of the supercharge operator

(Q:):

Hgs = 2Qf{ =2 Q% (Eq. 14)

The simplest SUSY QM system, where N
= 2 with supercharge operators Q. and Q: could
be associated with spin 1/2 particles moving in a
straight line. Q1 and Q2 in this simple system were
defined as follows:

1
0= H(ag+ o) (Eq. 152)
1
0. = (0= o) (Eq. 15)
where o; and o, were matrices from Pauli

(Suparmi, 2011).
Hss was Hamiltonian supersymmetry, p =

., d? . .
_lhﬁ was linear momentum  (bosonic

momentum), X was bosonic coordinate, and ¢(x)
was bosonic  superpotential.  Hamiltonian
Supersymmetry matrix could be shown as:

H 0
He=('g u) (Eq. 16)
where
S o h_do()
H_= 2m de ¢ () — V2m  dx (Eq. 17a)
h? d? h d
Hy=—goi5+ ¢’ +5="02  (Eq.17b)

Eq. (12) caused the results in the generation of
degenerated energy H_ and H,, which were SUSY
partners of the Fermionic  Hamiltonian
(descendant) and Bosonic (ascending), both of
which were also written as Hgs. The standard

Schrodinger equation was stated in the
Hamiltonian SUSY as follows
Ho=-1d4 vy (Eq. 18a)
- Zmdx2 () g
n? d?
Hy=————5+ V(%) (Eq. 18b)

where V_.(x) and V,(x) were called as
supersymmetry potential couple, ¢(x) was
superpotential, while ¢'(x) was the first derivative

of ¢(x).

Lowering and raising Hamiltonian could be
factorized from the equation (18a) and (18b) and
respectively were stated as follows:

(Eq. 19a)
(Eqg. 19b)

+___h a
A - \/_dx + ¢(X)
A==+ p()
At was raising operator and A was lowering
operator (Rodrigues, 2002).

Based on the character of lowering
operator (A), if (A) was operated on the ground
state wave function 1/13_), it will equal to zero
(Cooper et al., 1995).

V= (e + )i =0

From Eq. (20), then the ground state wave function
was determined as

ApS (Eg. 20)

P$ () = N exp [—@f_qub(x) dx] (Eq. 21)

with N was the normalization factor.
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3. RESULTS AND DISCUSSION:

The radial part of the Schrodinger equation
with energy eigenvalue and potential was
expressed as

A S O SN
2my ou®  2my | 4sinh® g sinh® x| (Eq. 22)
W (K = 'K

2

+E.

h
with ¢'=
A5 :
Yukawa potential was used and it's general form
was (Yukawa, 1935).

hZ -ép
V(o)=Y (e J (Eq. 23)
m, p
By set Sp = u
(e
V(1) =-Vé 5 (—J (Eq. 24)
My \ 4

The following approximation for centrifugal terms
was applied (Greene and Aldrich, 1976; Qiang and
Dong, 2007; Jia, et al., 2009; Dong, et al., 2013 ).

1 g
— 4 (Eq. 25)
H (1-e?)
u
1. 2258 (Eq. 26)
uooer -1
Then Eg. (24) was modified as
hz
V() = ———V, &2 (coth 1) (Eq. 27)
2m,

Eq. (27) was inserted into Eq. (22)

2 9 2 1v(v-1
—h—%ﬁ— _( : )—vogzcothy+v0§2 K
2m, ou~  2my| sinh®

2
:(%EHEJK

where —%—/12 =v(v-1).

(Eq. 28)

This was the second-order differential equation of
the Schrodinger equation. The shape invariant
potential was used, so the hypothetical
superpotential  function in  supersymmetric
guantum mechanics was

®(u)=Acothu+B (Eq. 29)
to satisfy the Riccati equation below
2 h '
O (u) - —==0'(u) =V ¢ (Eq. 30)
\2m,
[AZ +LA]csch2 1+ 2ABcoth u + A® + B
V2 (Eq. 31)

2
- %(v(v —~1)cseh? 1 =V,& coth +V,é? ) -

0

where ¢ was the lowest energy eigenvalue.
Comparing the left and the right side of Eq. (31),
the solutions were determined.

h
A= ™ v (Eq. 32)
0
2
B=- zh Voz—é (Eq. 33)
m, 2V
2
h? 2 (V‘)gz) 2
£ = V, & — -V (Eq. 34)
2m,| ° 4v?

With Eq. (29), Eq. (32), Eq. (33), Eq. (18a) and Eqg.
(18b), the two partner potentials which have an
invariant form were constructed as follows:

(v +v)esch? 1 =V,&* coth

2 2
+(VZ%)+V2
(V2 =v)cseh? -V, & coth
(V0§2)2 2

" +V

V_(ag,u) =5 — (Eq. 35)

2m,

V. (@) =5 - (Eq. 36)
o+

Then, a new set of the parameter was defined as
a, =V —1from the old set of parameter a, = V.
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(v —v)esch® =V, & coth u
_n z
v*(%’”)"zmo . (V,&?) 1) (Eq. 37)
4(v-1)°
((v=1)° = (v=1)Jesch’
V. (a,4)=-— as (Eq. 38)
2n, -V & coth u + ( d )2+(v—1)2
4(v-1)

In term of the parameter of the problem, the
following relations were obtained:

R(a,)=V., (8. 4)-V_(a, 4)

_ h? (\/0952)2 B (Voéz)z 2 —(V—l)z (Eq. 39)
2m, | 4° 4(\/_1)2

R(a,) -V, (2. (2

W) () (Eq. 40)

F(v-1) -(v-2)

| a(v-1) 4(v-2)

The energy eigenvalue was determined as:

£ =Y R(a,)
k=1

Eqg. 41
n? (Vogz)z (Vofz)z 2 2 (Fa. 41)
- 2 7 +V =(v-n)
2m, | 4v 4(v— n)
This gave the energy equation as
E,=E{) +E,
2 2 ) Eqg. 42
0

where 7 was Planck constant, m, was the mass of

the particle, V, was the potential depth, ¢ was the

potential width, v was the parameter of Yukawa
potential, and n was the quantum number.

From Eq. (42), the energy spectra were
determined from the energy eigenvalue with the
variation of the quantum number, potential depth,
and parameter of Yukawa potential in Table 1.

In Figure 3, when v=1 and v=2 the graph
was tended to tilt to the left, while v=4 and v=5 the
graph was tended to tilt to the right. It was

symmetrical at the center when v=n=3. Table 1
and Figure 3 showed that the increasing value of
the quantum number (n) causing the energy value
to increase until it reached the highest value when
n =v. After that, the energy value was decreased
for the system in a toroidal coordinate. It also had
a symmetric curve and when n=v it became the
axis of symmetry.

0.2

— =t

-0.2

Energy

0.4+

06 /

0.8%
1 2 3 4 5
n

Figure 3. Energy spectra of Yukawa potential in
toroidal coordinate (V, =0, 7=1 m, =1,
£=0,01)

For the increasing value of the potential
parameter v, the energy both increased and
decreased. So, practically the potential parameter
did not have a direct impact on the value of the
energy.

To obtain the un-normalized wave function,
the superpotential was defined again as stated in
Eq. (29).

O(u) =

2
f (vcothy—vog ] (Eq. 43)
2V

\J2m,

The relation of shape invariance in SUSY QM was
used and the raising and lowering operators were
obtained from Eq. (43).

2

__ A 4, h VCOth,u—Voé
J2m, du - J2m, 2v

d Vo&”

A= f —+ f vcoth g —
J2m, du - J2m, 2v

So, the ground state wave function ¥, was
obtained

AT

]EqM)

] (Eq. 45)
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nod
—+® O =0 Eq. 46
2
P O Cvgi A sinh™ (Eq. 47)

The raising operator in Eq. (44) was
operated to the ground state wave function ¥,

in Eg. (47) and the un-normalized excited wave
function was determined.

sinh u
_ L ohov V,E 1
YO (xa)=¥ ) ——||veothu--=--=1|| (Eq. 48
M (xa)=Y, i+ o (Eq. 48)
+(v+1)cosh

4. CONCLUSIONS:

The analytical solution of the Schrodinger
equation using Yukawa potential in the form of
hyperbolic function in the toroidal coordinate was
obtained. The energy spectra and wave function
were solved with the Supersymmetric Quantum
Mechanics method (SUSY QM). The energy
spectra were reported numerically based on the
energy eigenvalue equation. The un-normalized
ground state wave function and the excited state
wave function was determined by operating the
lowering and raising operator.
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Table 1. Energy Spectra of Yukawa Potential in Toroidal Coordinate (2 =1, m, =1, and & =0,01eV )

v V, E
n=1 n=2 n=3 n=4 n=>5
1 1 0,00000050 | -0,00499950 | -0,01999950 | -0,04499950 | -0,07999950
5 0,00000250 | -0,00499750 | -0,01999750 | -0,04499750 | -0,07999751
10 0,00000500 | -0,00499500 | -0,01999501 | -0,04499501 | -0,07999502
2 1 -0,00499950 | 0,00000050 | -0,00499950 | -0,01999950 | -0,04499950
5 -0,00499850 | 0,00000150 | -0,00499850 | -0,01999850 | -0,04499850
10 -0,00499500 | 0,00000500 | -0,00499500 | -0,01999501 | -0,04499501
3 1 -0,01999950 | -0,00499950 | 0,00000050 | -0,00499950 | -0,01999950
5 -0,01999750 | -0,00499750 | 0,00000250 | -0,00499750 | -0,01999750
10 -0,01999501 | -0,00499500 | 0,00000500 | -0,00499500 | -0,01999501
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