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RESUMO

Neste trabalho, com base em andlises de problemas na transferéncia de calor por ondas em corpos
delimitados, a teoria de ondas isoladas termicamente (solitons) foi desenvolvida para investigar os processos
de transferéncia de calor na vizinhanga inicial e nas proximidades do corpo delimitado. As escalas de tempo
sdo proporcionais ao tempo de relaxamento (nanossegundos) e as escalas da variavel espacial sdo medidas
em nandmetros. Uma nova solucdo analitica para a transferéncia de calor por ondas foi obtida com base na
equacdo do calor do tipo hiperbdlico sob a ac¢éo de varios sdlitons, com base nos quais foram analisadas a
interacdo dos solitons entre si, a absor¢do e a reflexdo dos sdlitons a partir dos limites do corpo. Tendo
analisado um grande volume de resultados, verificou-se que os sélitons térmicos séo refletidos diferentemente
dos sélitons mecéanicos, uma vez que a energia térmica do soéliton € primeiro absorvida pelo limite de
isolamento térmico nas paredes com isolamento térmico e, em seguida, a energia € rejeitada pela
condutividade térmica na direcdo oposta. Verificou-se que a diferenca de temperatura no interior do séliton é
negativa na direcdo de conducdo e positiva na direcdo refletida. Os resultados podem ser utilizados na
interacdo térmica de radiacdo de alta poténcia com superficies sélidas, bem como em problemas da mecanica
guantica.

Palavras-chave: séliton térmico, velocidade da onda térmica, corpo limitado, condutividade térmica, equacao
de calor do tipo hiperbdlico.

ABSTRACT

Within this work, based on analyses of problems on wave heat transfer in bounded bodies, the theory of
thermally isolated waves (solitons) is developed to investigate the heat transfer processes in the initial time
vicinity and in the vicinity of the bounded body, that is the time scales are commensurate with the relaxation
time (nanoseconds), and the scales of the spatial variable are measured in nanometers. A new analytical
solution of the wave heat transfer based on the heat conduction equation of hyperbolic type under the action of
a series of solitons was received, based on which the interaction of individual solitons with each other,
absorption and reflection of the solitons from the body boundaries was analyzed. Analysis of a large number of
results made clear that thermal solitons reflect not as mechanical ones, since first there is absorption of the
soliton thermal energy by the heat-insulated boundary on the heat-insulated walls, and then the energy is
rejected by the thermal conductivity in the opposite direction. It was found that the temperature gradient inside
the soliton is negative in the forward direction and positive in the reflected direction. The results of the paper can
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be used in thermal interaction of high-power radiation with solid surfaces, as well as in the problems of quantum
mechanics.

Keywords: thermal soliton, heatwave velocity, bounded body, thermal conductivity, hyperbolic type heat
equation.

AHHOTALIUA

B pamkax gaHHou paboTbl, Ha OCHOBE aHanu3a npobremMbl BONHOBOro TeMNooOMeHa C orpaHMyeHnem
Tenna, Obina paspaboTtaHa Teopus TEPMOU3ONMPOBAHHBLIX BOMH (COMUTOHOB) AN M3y4YeHWs MNpOLLeCCOoB
TennoobMeHa OKOMO HayarbHOro MOMEHTa BpemMeHuM U BOMM3M orpaHuWYeHHoOro Tena, T.e. mpouecc, Korga
BpPEMEHHble MaclwTabbl COM3MEpUMBbl CO BpPEMEHeM penakcauumum (HaHocekyHgamu), W MacwTabdbl
MPOCTPAHCTBEHHON MEPEMEHHON WU3MepSIoTCS B HaHOMeTpax. HoBoe aHanmuMTu4ecKkoe pelleHWe BOJIHOBOro
TennoobMeHa ObINIO MOMy4YeHO Ha OCHOBE YpaBHEHWS TEennonpoBOAHOCTWM runepbonuyeckoro tuna noj
Oe’cTBMEM psija CONMUTOHOB, Ha 6ase KOTopbIX ObINO NpoaHanu3MpoBaHO B3avMOAENCTBME CONMTOHOB ApPYr C
OPYroM, MOrNOWEHNe M OTpakeHMe CONMUTOHOB OT rpaHuy Tena. [lpoaHanusvpoBaB Gonblion 06BbEM
pe3ynbTaTtoB ObINIO YCTAHOBMEHO, YTO TEMSOBbIE COSMMMTOHBI OTPAXAKTCA HEe TaK, Kak MexaHudeckue, BBUOY
TOro, YTO CHavyana NPoOMCXOAUT MOrfoLEeHne TENMOBOW SHEPIUM COMUTOHA TENMOM3ONUPYIOLLEN rpaHuLEen Ha
TENMOU30NIMPOBAHHbIX CTEHKax, a 3aTeM 3Heprusi oTOpacbiBaeTCsi TEennonpoBOAHOCTLIO B 0OGpaTHOM
HanpaBneHun. bbiINo oOHapyxeHO, 4YTO nepenag TemnepaTypbl BHYTPU CONMUTOHA OTpUUATENbHbLIA B
NpoBOASLLEM HanpasBneHUn U MONOXMWTENbHbBIA B OTPaXEeHHOM HanpaerneHun. PesynbtaTtbl paboTbl MoryT
NCNonNb30BaTbCA NPU TENSIOBOM B3aMMOAENCTBMM MOLLHOIO U3NyYeHus1 C TBEPAbIMU NOBEPXHOCTAMMU, a TakkKe B

3a4avax KBaHTOBOW MEeXaHUKMU.

KnioueBble cnoBa: mensioeol  COMUMOH,

cKopocmb

menosoli  80JIHbI, OocpaHu4eHHOe  melJio,

mensionpo8odHOCMb, ypasHEHUE menionpoeodHocmu aunepbonudeckozo muna.

1. INTRODUCTION

It is well known that heat transfer with
convection, thermal conductivity, and radiation at
the micro-level occurs by individual quanta, the
time intervals between which depend significantly
on the free path length between the molecules,
as well as on the degree of excitation of the
degrees of freedom, mainly vibrational for the
solids. Hence it immediately follows that there is
a time lag of the heat flow from the temperature
gradient. The lag time between the heat flux and
the temperature gradient is called the relaxation
time. It is very small for solids (Equation 1)
(Lykov, 1967).

There are conditions for the occurrence of
a heatwave in a solid body since the relaxation
time accounted for in the heat transfer, leads to a
finite velocity of the heat flow propagation, in
contrast to the infinite velocity of heat
propagation, determined by the classical
Fourier's law. Such wave heat transfer is
characterized by the presence of moving the first
kind discontinuity of the temperature field with
decreasing discontinuity amplitudes due to
thermal energy dissipation. If you are considering
not a continuous (over time) heat input into the
solid, but a pulse one, which takes place in real
heat exchange, then a series of isolated pulses
(solitons) having front and rear discontinuity, at
wave motion inside the body, should

hypothetically retain the basic geometric and
thermal physical properties, taking into account
the significant dissipation of heat (Belov et al.,
2014, Sokolov and Ryabinov, 2015).

Theoretically, the wave heat transfer is
described by the heat equation of hyperbolic type
with the wave term (the second temperature
derivative in time) and the dissipative term (the
first temperature derivative in time). Based on this
equation the wave heat transfer was studied in
papers (Zarubin and Kuvyrkin, 2000; Kartashov,
2001; Shashkov et al., 2004; Zarubin et al.,
2018). In a paper (Kartashov, 2016) the analysis
of wave heat transfer based on two relaxation
times (by heat transfer and elasticity) was carried
out.

It should be noted that wave heat transfer
occurs not only because of the presence of the
relaxation time but also because of the
nonlinearity of the thermal physical properties of
the medium, depending on temperature
(Samarskiy et al., 1987; Kolesnik, 2014; Kolesnik
et al., 2015; Gidaspov and Severina, 2015;
Gidaspov et al, 2016; Lurie et al, 2017;
Bulychev et al., 2017; Bulychev et al., 2018a;
Lomakin et al., 2018; Gidaspov et al., 2018;
Bulychev et al., 2018b). Paper (Formalev, 2012)
contains the first theoretically obtained thermal
shock waves in nonlinear medium and the
conditions of their occurrence.
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The purpose of this paper is a theoretical
study of the propagation and interaction of
isolated thermal pulses (solitons) inbounded
bodies, determining of the properties of thermal
solitons at reflection from the body boundaries,
collision of solitons reflected from the right
boundary and moving in a straight direction, their
dissipation and the final formation of the
temperature distribution under the action of a
group of solitons.

2. MATERIALS AND METHODS

The problem is set to analyze the
dynamics of motion and reflection of a series of
isolated heat waves (solitons) of rectangular
shape with the temperature amplitude T,, acting

on the left boundary of a bounded rod, based on
the wave equation of thermal conductivity. Such
problems arise in quantum mechanics when the
body is irradiated with powerful pulses of thermal
energy of various origins.

Mathematically, the problem is formulated
as follows (Equations 2 - 6), where 7, -
relaxation time — the time of the heat flux rate lag
q(x,t) from the temperature gradient in

compliance with the law of heat conduction
Vernotte-Cattaneo-Lykov, which is the Equation
7) in one-dimensional case. Based on Equation 7
the wave heat transfer Equation 2 was derived,

1n(z) - Heaviside function (7(z)=1 at z>0,

n(z)=0 at z<0 ); T, — absolute temperature

value in a single heat pulse, acting during the
time t, (this value is called the pulse support); d

— time lag between the pulses; x,t — spatial and
time variables; a — thermal conductivity m?/s;
K — number of solitons.

Replacing Equation 8 the problem
(Equations 2—6) can be reformulated in relation to

function Tl(x,t), but with zero initial condition
T, (X, 0) =0. by
T(Xt), the problem (Equations 2-6) can be cast

Further replacing T, (X,t)

without loss of generality with homogenous initial
values (Equation 9). Herewith the final solution of
Equation 1 and Equations 3—11 should be added
with the value of T,. As the relaxation time z, in

solid bodies has order of 10 =10"s, it is

expedient (Equation 2, Equations 4-6 and
Equation 8) to change to the non-dimensional
variables, wherefore the Equation 1 is multiplied

by 7, and then divided by 77. After that, authors

derive the below non-dimensional variables
(Equations 10-13). Embedding the non-
dimensional variables Equation 9 in correlations
(Equations 2, 4-6, 9) authors get the problem of
wave heat transfer in a dimensionless form

(replacing the non-dimensional variables T, T,
X, I, &, d with T, t, x, I, t,d) (Equations
14 - 18).

As the velocity v of the heatwave is
determined by Equations 19 (Lykov, 1967), from
the equation, Equation 20 Equation 21 is
obtained that is Equation 22 following that t =X.
Thus, in the problem Equation 14-17 of the heat
transfer the dimensionless special variable x
coincides with the non-dimensional time variable
t.

To solve the problem Equation 14-17 the
source function method (Green) is applied. To get

the Green function, G(X,&,T) it is needed to

place the unit capacity source at a point of X =&,
and in compliance with the general theory
formulate the problem to define this function,
using the zero conditions for this function in the
space-time boundary (Equations 23-27), where

5(X—¢) - the Dirac function. If the solution to
the problem (Equations 23-27) for the function
G(X,f,t) is obtained, the solution to the problem

(Equations 14-17) will be in time integral form
<t (Equation 28) (Rabinskiy and Tushavina,
2019). By substitution Equation 29 Equation 23 is
reduced to the parabolic type. Substituting
Equation 29 in Equation 23 and putting to zero
the ratio at oV /ot, authors get=1/2, where
the problem (Equations 23-27) turns into the
problem (Equations 30-34). Problem (Equations
30-34) can be solved by the method of
separation of variables with the presentation of
Equation 35. Eigenvalues /4, and their related

proper functions Xn(i) of the Sturm-Liouville
problem is given by (Equation 36) and functions
6,(f) equal to (Equations 37-38). Meeting
Equation 38 the initial conditions Equation 33 and
Equation 34, the ratios A,, are obtained

(Equation 39). Thus the function Equation (38) is
given by Equation 40. Herewith the problem
solution Equations 30-34 is the function
(Equation 41), where Equation 42. Considering
Equation 29 and Equation 41 the solution of
Equations 23-25 for the source function
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G(X,£,T) in Equation 43. Substituting Equation
43 into Equation 28, authors get the solution of
Equations 23-25 for the function T (X,t) given

by Equation 44, where Equation 46. Equation 44
— is the solution of the original problem Equations
14-25 of the wave heat transfer for the group of
K isolated heat waves (solitons).

3. RESULTS AND DISCUSSION:

Calculation of wave heat transfer in
bounded bodies was done for a single thermal
soliton with the pulse support in time t =0.5, for

two solitons with pulse supports t =0.5 and

period between them equal to Equation 47 and
three solitons with pulse supports § =0.5 and

period between them equal to Equation 48.
Results are presented in Figures 1-5 respectively,
demonstrating the dynamics of isolated heat
waves in bounded rod under conditions when the
right boundary is heat isolated (Equation 49):

As the dimensionless time (Equation 50)
and dimensionless spatial variable (Equation 51)
equal each other, supports of the heat waves in
time (time periods, in which the wave amplitude is
above zero, and equals to zero outside these
periods) are equal to supports with a spatial
variable.

Input data for all results had the below
values: time supports (as well as space supports)
were taken equal to 0.5, dimensionless rod length
(Equation 52) was taken equal to 3, maximum
relative temperature (Equation 53) of solitons,
entering the body on the left boundary, equals to
1 and the absolute temperature T, can be

general.

Figures 1-2 presents dynamic motion of
one soliton, having the front and the rear first kind
discontinuity, herewith the temperature profile
inside the support is decreasing (%wj
according to the heat power dissipation. Herewith
the temperature before the front edge of the
soliton equals the initial value (zero in this case),
and behind the left edge, the temperature profile
is different to the initial for some value (Figure 1).

Having reached the right end of the rod,
the soliton energy is used to increase the
temperature of the right thermally insulated
boundary, and since the temperature to the left of
the right boundary is approximately equal to the
initial one, an isolated heatwave is formed in the

opposite direction (reverse wave). The edges in
the reverse wave change their places — the rear
edge becomes the front one, and the front edge
iS rear one.

Now the temperature on the new front
edge is lower than that on the rear one, and
between them, the temperature distribution is

determined by Equation 34 with g—-[>0 (Figure
X

2). Having reached the left boundary of the rod,
the temperature of the left boundary of the soliton
takes a boundary value equal to zero (Figure |,
t =6.5).

Figure 3 shows the dynamics of motion,
reflection, and interaction of two solitons with
supports § =0.5 and the period of time (and

space) equal to 2.5. Temperature distribution,
motion dynamics, and reflections are maintained
in the same quality as for the variant in Figures 1-
2 except for the interaction of the soliton reflected
from the right boundary and moving in a straight
direction from the left boundary to the right one

(Figure 3, = {4;4.5; 5}). In Figure 3 (T =4.5

), the left and the right solitons converged into
one, and its amplitude is the sum of the
decreasing amplitudes of the "left" and the "right"
solitons (Figure 3 (t =4)). The solitons diverge

(Figure 3 (t =5)) preserving all qualitative and
geometric  characteristics except for the
amplitudes, which go on to decrease (Figure 3 (

t =5)) due to the dissipation of thermal energy.

Figures 4-5 shows the motion dynamics of
three solitons with supports t, =0.5 and periods

of time (and the spatial variable) equal to
d +1 =1. It evidences all properties of single and

double solitons. In addition, the interaction of a
large number of solitons with the right body
boundary shows that after reflection the number
of "bursts" with the largest amplitudes is
preserved (in this case there are three of them).
Due to the smaller gap between the solitons
compared to the options in Figures 1-3, the
temperature at these intervals is much higher
than the initial value, that is, a continuous
temperature field is formed.

4. CONCLUSIONS:

On the basis of a new analytical solution
of the problem of wave heat transfer in bounded
bodies, a formation mechanism of an unsteady
temperature field was defined using a series of
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isolated thermal waves (solitons) at times
proportional to several times of thermal
relaxation, that is, at times of nanosecond
durations with a heat depth of several
nanometers. The mechanism of thermal solitons
reflection from the opposite body boundary is set,
according to which all soliton energy is absorbed
by the heat -isolated wall, and then the inverse
wave of the thermal soliton is formed, having the
same geometric and kinematic properties as the
direct wave taking into account the dissipation. In
addition, the interaction mechanism between
direct and reflected solitons is defined, according
to which the total energy of the merged soliton
(the temperature profile amplitude) is below the
sum of soliton powers before their meeting.
Herewith the temperature gradient inside the
soliton is negative in the forward direction and
positive in the reflected direction.

The merged solitons then diverge,
continuing to move in the same directions as
before the merger, preserving their geometric and
kinematic characteristics, and taking into account
the absorption (dissipation) of thermal energy.
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(010 -10™s), (Eq. 1)
rﬁJra—T—aﬁ O<x<l, t>0; (Eq. 2)
“atr ot oxt ’ ’ )
T(x,0)=T, =const, 0<x<I; (Eq. 3)
T
0 (X’o):O, 0<x<lI; (Eq. 4)
ot
K
T(.0)=ToX [ n(t-(k-d+(k-1)t)+d)-n(t-k(d+t)+d)|=p(t), t>0; (Eq. 5)
k=1
oT (I,t
Yo 150 (Eq. 6)
OX
aT(x,t)  agq(xt)

Xt)=— — , Eq. 7
g(xt) ™ - (Eq. 7)
T(xt)=T(xy)+T, (Eq. 8)
T(x0)=0, 0<x<I. (Eq. 9)
T(x1)=T(xt)/T; (Eq. 10)
_ _ X
t=t/r; X= ; (Eq. 11)

ar,
I =1/ar,, T=t/7; (Eq. 12)
d=d/,far,. (Eq. 13)
ﬁ+i—ﬂ 0<x<I, T>0; (Eq. 14)
ot ot oaxt’ ’ ’ &
T(X,0)=0, 0<x<T; (Eq. 15)
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v=,jalr,

v=x/t

v=/ar, -Y/rr-t_=1}alrp¥/t_=,fa/rr,
Jalr, =alt,xIt

oG oG 0°G

— +——=——, 0<X<I, 0<&<I,T>0;
ot? ot  ox? d

G(X,£,0)=0, 0<x<T, 0<&<T;

0G(%,&,0)

- =1.5(X-¢), 0<x<I, 0<&<T;

G(0,£,t)=0, >0, 0<&<T;

oG(T,&T)

=0, t>0, 0<&<1;
oX

V(0,£,T)=0, >0 0<&<T;
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= =0, t>0, 0<<&<I . (Eq. 34)
V=X(X)-0(t). (Eq. 35)
7z(l/2+n) _ . =
Jy=———2, X, (X)=sin(4,X), n=0,1,2,...,/ (Eq. 36)

(T)=A- sm(tJ 1/4)+ Bn-cos(t_a/ﬂun2 —1/4) (Eg. 37)

V(X f):ji;en(t‘) =2[A13|n(t4//12 ~1/4)+
+Bn-cos(t_ A2 —1/4)}sin(ﬂni). (Eq. 38)
A
B, =0, Mf)—% sm2( £) (Eq. 39)
A2-1/4
o &2 sin(4¢) > o
V(X,&1)=) =——===s5in t4//1 -1/4)-sin(4,X). Eqg. 40
(X.5.1) nZ:;' W ( ) (4.X) (Eg. 40)
o 2 sin(4,¢) > :
V(X ét)=) = sh A5 =1/4]|sin(A X
o TP Jsin(4%)
= 2 sin(4¢8) . (3 o
=———=ssin(t A" —-1/4|sin( A4 X), Eq. 41
n N-¢—lI «&inz—]./ll ( ’ ) ( ! ) ( q )
N<t 14 (Eq. 42)
T 2
N 7’[/2
G(X,&1)= ———sh(t,/|[A7 -1/4|)|sin(A,X)sin(4,&
(.6 Z( A -1/4 ( ‘)) *
e 2 —t/2 _
+n—N+1(I: r 1/Arsm(t,J -1/4 )sm /1x sm /Icf (Eq. 43)
'F(Y,t_)z'[(p(r)( dr=
0

n=N+1

ok 5

sm( N 1/4)]2 -sin(4,X)d (Eq. 44)

5 et
ﬂz 1/4‘Sh t—T 1}&2 1/4‘]X></1 Sln(/lx dT+j¢ Z TW
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Figure 1. Motion dynamics and reflection from the right boundary of one temperature soliton with the
support § =0.5 in bounded space T ={0.5;1.0;2.0;3.0}
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Figure 2. Motion dynamics and reflection from the right boundary of one temperature soliton with the
support T, =0.5 in bounded space T = {3.5;4.0;5.0; 6.0}
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Figure 3. Motion, correlation dynamics, and reflection from the right boundary of two temperature
solitons with the supports T = 0.5 and the period d +1 = 2.5 in bounded space:

t ={3,3.5;4.0;4.5;5.0}
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1 in bounded space:

t=

f, =0.5 and the period d +
t ={25;3.0;3.25;3.5;4.0}
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Figure 4. Motion, correlation dynamics, and reflection from the right boundary of three temperature
solitons with the supports
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Figure 5. Motion, correlation dynamics, and reflection from the right boundary of three temperature

1 in bounded space: T ={4.5;5.0;5.5;6.0}
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