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RESUMO

O artigo apresenta uma metodologia para o calculo da estrutura axissimétrica de paredes espessas,
composta por uma barra de aco (componente de refor¢o) e uma camisa externa de paredes espessas feita de
fibra de carbono. A estrutura é carregada com calor linear distribuido ao longo de seu comprimento, associado
a pressdo externa ativa e forgas inerciais. A metodologia baseia-se num modelo unidimensional da barra
composta de secdo variavel levando em consideracdo as deformacgfes transversais que sao necesséarias na
analise da estrutura de paredes espessas operando sob pressdao. Na abordagem proposta, a geometria do
produto € dividida em sec¢bes e aproximada por fragmentos na forma de cones truncados e, no caso particular,
de cilindros. Como resultado dos calculos, € determinada a distribuicdo das tensdes normais de
tracAo/compressdo na carcaca e na haste de reforco, bem como as tensdes tangenciais no limite do contato.
Como resultado dos célculos de teste, € mostrada uma consisténcia bastante boa do modelo unidimensional
considerado com modelagem refinada de elementos finitos. Foi estabelecido que a concentracdo de tensdes
de cisalhamento € realizada devido a presenca de deformacdes substancialmente ndo homogéneas nas areas
de mudancas bruscas na geometria, uma reducdo no raio da casca (aparéncia de efeitos de arestas) e na area
de um aumento acentuado no raio do chanfro da carcacga, onde a presséo externa esta no lugar.

Palavras-chave: estruturas compostas, barra de secéo variavel, carregamento em alta velocidade, célculo de
projeto, compdsito de paredes espessas.

ABSTRACT

The scientific paper presents a technique for calculating a thick-walled axially symmetrical construction
consisting of a steel rod (reinforcing component) and an external thick-walled shell made of carbon fiber. The
construction is loaded with linear load distributed along its length, associated with the operating external
pressure, and inertial forces. The technique is based on a one-dimensional model of a composite rod of variable
cross-section, roughly taking into account transverse deformations, which is necessary when analyzing a thick-
walled construction operating under pressure. In the proposed approach, the geometry of the product is divided
into sections and approximated by fragments in the form of truncated cones and, in the particular case, in the
form of cylinders. As a result of calculations, the distribution of normal tensile/compression stresses in the shell
and in the reinforcing rod, as well as tangential stresses at the boundary of their contact, are determined. As a
result of test calculations, a fairly good consistency of the considered one-dimensional model with refined finite-
element modeling is shown. It has been established that the concentration of shear stresses is realised due to
the presence of substantially inhomogeneous deformations in the areas of sharp changes in geometry, a
reduction in the radius of the shell (the appearance of edge effects), and in the area of a sharp increase in the
radius of the bevel of the shell where external pressure is in place.

Keywords: composite constructions, variable cross section rod, high-speed loading, design calculation, thick-
walled composite.
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AHHOTALUA

B paborte npeacrtaBneHa wMeToAuKa pacyeTa TOJICTOCTEHHOW OCECUMMETPUYHOM  KOHCTPYKLMW,
COCTOSILLEN M3 CTanbHOMO CTEPXHS (apMUPYIOLLEro KOMMOHEHTa) W BHELUHEW TONCTOCTEHHOM 060MnoYKu,
BbINOMHAEMON M3 yrnennactvika. KOHCTpyKUMS Harpyxkaetcs pacnpefeneHHoW BOONb €€ AJIMHbI MOrOHHOM
Harpyskom, CBSI3aHHOW C OEeNCTBYIOLIMM BHELIHUM AaBfIEHVEM, U MHEPLMOHHBIMM cunamu. MeToamka ocHoBaHa
Ha OOHOMEPHOW MOLENN COCTaBHOIO CTEPXKHA MNEPEMEHHOr0 CeYeHWsi, MPUBNMKEHHO Yy4YuTbIBaKOLLEN
nonepeyHble gedopmauum, 4To HEOOXOAMMO NPV aHanm3e TONCTOCTEHHOW KOHCTPyKuuW, paboTarowen nof
AasrneHveM. B npeanoxeHHOM nogxode reomeTpusi usgenus pasbmBaeTcsl Ha y4acTKMm U annpoKCUMMUpyeTcs
bparmeHTamm B (pOpMe YCEYEHHbIX KOHYCOB W, B 4aCTHOM criydyae, uunuHapoB. B pesynbtate pacyeTtoB
onpefenseTca pacnpeaeneHve HopmarbHbIX HanpsXXeHU pacTskeHnsa/cxaTnss B 060noyke n B apMupyoLLem
CTEPXHE, a TakKe KacaTellbHble HanpshkKeHWs Ha rpaHule ux KoHTakTe. B pesynbrate TecToBbIX pacyeToB
nokasaHa [OCTaTOYHO XOpollasi COrnacoBaHHOCTb PaCCMOTPEHHOW OOHOMEpPHOW MoAenu C YTOYHEHHbIM
KOHEYHO-3MEMEHTHbIM  MOAENMPOBaHNEM. YCTAHOBMEHO, UTO KOHUEHTpauMsa HanpsbkeHun Ha  caBur
peanusyeTcs u3-3a Hanuyuus CyLleCTBEHHO HeOOHOpPOAHbIX Aedopmaumii B obnactax peskoro M3MeHeHus
reoMeTpun, yMeHblUeHWe paguyca o006onoyku (noseneHve kpaeBbix 3ddekToB) M B obnactm pesKkoro

yBeInnm4yeHusa pagunyca ckoca obornoukun, rae ﬂeVICTByeT BHelLlHee faBlieHne.

Keywords: KOMMo3umHbie  KOHCMPYKUUU,

cmepxeHb

rnepemMeHHoO20 Ce4YeHusl, 8bICOKOCKOPOCMHOe

HaepyxeHue, MPoeKmMuUpPo8oYHbIl pacyem, MosCMOCMEeHHbIU KOMIo3um.

1. INTRODUCTION

Design calculations based on one-
dimensional approximate models of rods and
beams of variable cross section can be effectively
used in the development of axially symmetrical
constructions of high-fineness ratio. Similar one-
dimensional models are used, for example, in the
design of columns and supports, including
composite ones (Mossakovsky, 1990; Volchkov,
2007; Berezovskii et al., 2015; Dudchenko, 2016;
Lomakin et al., 2018a), and (Lurie et al., 2015;
Babaytsev et al., 2017; Kakhramanov et al.,
2017; Rabinskiy and Tushavina, 2018; Formalev
et al., 2018a; Formalev et al., 2018b; Lomakin et
al.,, 2018b; Rabinskiy and Tushavina, 2019a;
Formalev and Kolesnik, 2019; Rabinskiy et al.,
2019; Nikitin et al,, 2019; Rabinskiy and
Tushavina, 2019b; Babaytsev et al., 2019). Such
models make it possible, at a first approximation,
to evaluate the construction strength and
determine the loading conditions of its elements
(compartments, sections) for further refined
numerical calculations. In addition, simplified
calculations can be useful for choosing the basic
geometric parameters, layout, and structural
arrangement of the designed products. Naturally,
one-dimensional calculations are not sufficient,
even during preliminary design study, but they
can be considered basic, reducing the problem to
the problem solved by the most simple methods
from the structural resistance course (Rabinskiy
and Tushavina, 2019c; Babaytsev et al., 2019).

In this scientific paper, we consider the
task of designing a composite axially symmetrical
product consisting of a steel cylindrical rod

(reinforcing component) located in the central
part and a thick-walled shell surrounding it, made
of carbon fiber and having an external diameter
that varies along the axis of the product (see
Figure 1). Intensive pressure having an effect on
the outer surface of the shell in the rear part of
the construction leads to large accelerations in
the axial direction and, accordingly, to large
values of inertial loads (Mykhalevskiy, 2018;
Akbarov et al, 2018; Mykhalevskiy and
Horodetska, 2019). As a result, the construction
operates under difficult stress conditions (all-
round compression in the rear part, longitudinal
compression in the front part, shear at the contact
boundary of the shell and the rod, and in the
region of change in the cross-section of the shell,
etc.), which, however, at a first approximation,
can be reduced to a simple one-dimensional case
of loading a variable cross section composite rod
(Dmitriev et al.,, 2011; Skvortsov et al.,
2000). The task of the calculation in such a
simplified model is to determine
the tensile/compression stresses in the shell
and in the rod, as well as to determine the
tangential stresses in the zone of their contact
(Yasnitskii, 1989; Gorchakov et al.,, 2004;
Skvortsov et al., 2012). To assess the strength
and integrity of the construction, the found
stresses are compared, respectively, with the
tensile strength of the shell material, the yield
strength of the metal rod and the shear strength
(resistance of collapse) of their contact joint.

A distinctive feature of the calculations
is the relatively small aspect ratio of the
products under consideration and the
presence of
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significant external pressure. In this case,
neglecting the transverse deformations of the
composite shell in the radial and circumferential
directions leads to significant calculation errors.
To take these deformations into account, at a first
approximation, we use the technique proposed in
(Kornev et al., 2018), in which, practically, one
can use the solution of the Lamé problem on
deformations of a thick-walled hollow cylinder
under pressure (Sedov, 1970). Initially, in (Kornev
et al.,, 2018), calculations were carried out only
for the endings of the construction under
consideration. In this work, the technique (Kornev
et al., 2018) is generalized to the case of an
arbitrary number of sequentially arranged
compartments of a given conical or cylindrical
shape, for which a solution is framed taking into
account the matching conditions at the
boundaries of their contact. Since the geometry
of the compartments is known in the case under
consideration, the solution can be framed using
the integral form of the equilibrium equations for
each compartment of the product, in contrast to
(Kornev et al.,, 2018), where the equilibrium
equations in differential form were used. The
reliability of the proposed technique for design
calculations is verified by the example of the
typical geometry of the product under
consideration, for which precise numerical
calculations by the finite element method are
carried out.

Note that in the model used, only the
longitudinal characteristics of the product
materials are available, therefore, in the general
case, the technique turns out to be fair for both
isotropic and anisotropic composite materials of
the shell. The manufacturing technology of the
shell is also insignificant, and it can be
performed, for example, in the form of a thick-
walled layered composite or by winding, etc.

2. MATERIALS AND METHODS

We consider an axially symmetrical
composite construction in the form of a cylindrical
steel rod and an external composite shell of
variable cross section (see Figure 1). The
structure is loaded with an external pressure p
having an effect on the surface of the rear conical
part of the shell (see Figure 3a). The pressure
leads to an all-round compression of the rear part
of the product, and its projection onto the central
axis leads to the acceleration of the construction
in the longitudinal direction a and to the
corresponding inertial loads. Provided that the
rod can be slightly longer than the shell, this can

be taken into account by attaching the masses
mO and m1 at the front and rear ends of the rod.

2.1. Acceleration of the product and average shear
stresses on the thread

First of all, we determine the acceleration
of the product at a given pressure. If we know the
whole mass of the product m (the shell, the rod
and, if there are attached masses) and the
maximum cross-sectional area of the rear part of
the product S, which is under pressure, will be
found Equation 1. Further, at a “zero-order’
approximation, we estimate the shear linear force
having an effect in the direction of the axis of the
rod in the region of the threaded contact with the
shell. We replace the impact of the shell on the
rod by a distributed linear force T constant in
magnitude (this is the main simplification at this
stage of  calculating the “zero-order”
approximation) and having an effect in the
longitudinal direction. By writing down the
equation of equilibrium for the rod as a solid

body, we find (Equation 2). Where m, —the mass

of the rod, Equation 3 — the cross-sectional area
of the rod, p, _the density of the rod material, L

— the length of the rod and Equation 4 — the
diameter of the rod.

Then crosscutting linear effort is
determined from the following Equation 5. The
average tangential stresses on the thread are
determined from the ratio (Equation 6).

2.2. Model of the integral composite rod

To frame a solution at a first
approximation, we shall frame a solution in a one-
dimensional setting, considering the equilibrium
of the product only in the direction of its axis of
symmetry. To do this, we integrate all the acting
loads by the cross section and by the outer
surface of the product, and remove them to the
central axis. At a first approximation, we assume
that all stresses are constant by the cross section
of the shell and the rod. This approach allows us
to evaluate the normal tensile/compression

stresses in the outer shell o,(z) and in the rod
0.(z), as well as tangential stresses at the

boundary of their contact 7(z) . The outer duct of

the real product is approximated by piecewise
linear sections, that is, the axially symmetrical
geometry of the shell is approximated by sections
in the form of truncated cones and cylinders. The
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rod is modeled as a cylinder. It is assumed ideal
contact between the rod and the shell.

In order to frame a solution, let us
consider the truncated part of the product
fragment presented in Figure 2. This figure shows
the external loads and internal stresses having an
effect on the truncated fragment of the shell and
the rod (shown by hatching). We write down the
equations of equilibrium and strain compatibility
conditions for i-th product fragment within which
the axial coordinate varies in the range

Z, , <7<1Z,. We obtain the following ratios:

1) The equilibrium condition of the outer
shell element (Equation 7). Where Equation 8 —
the cross-sectional area of the considered i-th
element of the shell at the point z, Equation 9 —
the radius of the cross section of the fragment at

a given point, R, (0) — the radius of the initial
section of the fragment, o; — taper angle of the

fragment (for cylindrical fragments «; = 0, o,(z)
— stresses in the current section of the shell
fragment, o,(z;_,) — stresses having an effect on

the left boundary of the shell fragment under
consideration (at the initial point z = 0, these
stresses are equal to the operating pressure p,
and then they are determined based on the
solution in the previous section of the product),
Equation 10 — the volume of the shell fragment,
Equation 11 — the volume of the rod fragment,
Equation 12 — the resultant of shear stresses
having an effect on the contact of the shell
fragment and the rod.

2) The equilibrium condition of the rod
element is determined using Equation 13. Where
Equation 14 — the cross-sectional area of the rod;
and at the starting point, the stresses are
calculated taking into account the operating
pressure and the mass attached (Equation 14).

3) strain compatibility conditions with
approximate allowance for the operating pressure
are written as follows (Equation 15) (Kornev et
al., 2018). Where Eg, E,, v5, 1, — elastic moduli and
Poisson's ratios of the materials of the rod and
the shell, respectively.

For the shell fragments on which pressure
does not have an effect Equation 7 reduces to a
simpler ratio (Equation 16), which determines the
equality of longitudinal deformations in the rods
and in the shell. A detailed derivation of the ratio
(Equation 7) was presented in (Kornev et al.,
2018) based on the solution of the Lamé problem
for a thick-walled cylinder loaded with pressure.

From the written down three Equations 7
— 17, three unknown functions are determined:

0,(2), o0.(z), T(z). The tangential stresses at

the contact of the rod and the shell are
determined from the Equation 18.

These stresses, in contrast to the solution
of the “zero” approximation (Equation 6), turn out
to be variable by the length of the rod. The found
stress values are compared with the
corresponding maximum permissible stresses for
the materials of the shell, the rod and their
threaded connection.

3. RESULTS AND DISCUSSION:

3.1. Initial data

We consider an example of product
geometry presented in Figure 3. The total length
of the product is 500 mm. The maximum cross-
sectional diameter dyn.x = 160 mm, and its area,
respectively (Equation 19). The diameter of the
reinforcing rod is 20 mm. Operating pressure p =
300 MPa. The rod material is steel with properties
ps = 7850 kg/m®, Es = 200 GPa,v, = 0.3. Yield
strength of steel under tension and compression
0s =355 MPa. The material of the composite
shell is carbon laminate with a density p, = 1500
kg/m*® and with characteristics in the direction of
the product axis E, = 60 GPa,v, = 0.35, 0, =
+1100/-700 MPa. The shear strength (resistance
of collapse) of the joint is 120 MPa. Attached
masses at the ends of the rod are absent. The
total mass of the construction m = 4.47 kg.

On the basis of (Equation 1) we find the
acceleration of the product for the given
conditions of the problem a = 1.341 m/s. This
acceleration is quite large, however, it is less than
the speed of sound in the materials under
consideration, therefore, at a first approximation,
all calculations, including numerical ones, can be
carried out in a quasi-static setting. The average
tangential shearing stress is determined from
(Equation 6) and is 7 =114 MPa. Thus, from a
simple design calculation of the “zero”
approximation, it follows that the strength margin
of the joint under given loading conditions can be
quite large (more than 114.3 MPa), if, due to the
optimal choice of the product geometry, an
approximately constant shear force along the
length of the rod can be realized. Structural
failure can occur only due to the uneven
distribution of shear forces, that is, the presence
of a concentration of shear stresses on the
mount, which can be associated, for example,
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with a sharp change in the size of the cross
section of the outer shell.

3.2. Numerical modeling

To verify the results of design
calculations, we will carry out numerical modeling
applying the finite element method with the use of
Ansys Workbench software, taking into account
the axial symmetry of the problem. An example of
a finite element model of the product is shown in
Figure 3. The average size of the elements is ~
1.5 mm; the total number of elements in the
model is ~ 16274. The pressure is set in the
region of the rear part of the product (at the
border highlighted in color in Figure 3) and is
balanced by the inertial forces associated with
acceleration in the longitudinal direction of the
product. The threaded connection is not drawn —
an ideal contact is set between the rod and the
shell along a smooth boundary, remote from the
central axis by a distance equal to the radius of
the rod. The calculation is carried out in a linearly
elastic setting under the assumption of small
strains, at the quasi-static approximation. The
results of numerical modeling are presented in
Figure 4. It shows the distribution of normal
stresses in the longitudinal direction and
tangential stresses in the plane of the model
section (zr).

3.3. Comparison of analytical and numerical

calculations

Figure 5 shows a comparison of the
results of design calculations by the analytical
method described in section 2.2., with the results
of numerical modeling presented in section 3.2. It
shows the distribution of normal stresses in the
longitudinal direction in the rod (on the central
axis) and in the shell. The distribution of
tangential stresses at the contact boundary of the
shell and the rod is shown in Figure 5c.

From the calculation results it follows that
the concentration of shear stresses is realized
due to the presence of substantially
inhomogeneous strains in the areas of sharp
changes in geometry, a decrease in the radius of
the shell (the emergence of edge effects), and in
the region of a sharp increase in the radius of the
bevel of the shell, where external pressure has
an effect. In these places, a fastener cut may
begin. This can be eliminated by strengthening
these areas, in particular, by increasing the
radius. The estimation by the model of the
integral composite rod (see section 2.2), gives
significant errors, although the found value of 390

MPa approximately corresponds to the level of
effective stresses. Normal stresses turns out to
be negative along the entire length of the rod and
in the shell in front part of the product. Positive
tensile stresses are realized in the shell material
in the rear part of the product, where external
pressure has an effect. These stresses exceed
the specified tensile strengths of materials.

The obtained analytical solution is quite
close to the results of numerical modeling. It can
be seen that the tangential force in the analytical
solution is overestimated in the concentration
region, and thus designing on the basis of this
solution provides an additional margin of safety
for the joint. This approximate solution can be
used for preliminary product design and for
choosing the geometry of the outer shell, which
provides shear strength of the fastener and
tensile-compressive strength of the rod and the
shell without taking into account the
concentration associated with the uneven
distribution of stresses over the shell cross
section (see Figure 5).

In general, further consideration requires
an improved three-dimensional calculation with
layered analysis. And speaking of composites — it
iS necessary to take into account the complex
criteria of a combined stress, layer-by-layer
analysis.

4. CONCLUSIONS:

1. The technique for calculating a thick-
walled axially symmetrical construction has been
considered.

2. A one-dimensional model of a
composite rod of variable cross section,
approximately taking into account transverse
strains, was regarded. As a result of calculations,
the distribution of normal tensile/compression
stresses in the shell and in the reinforcing rod, as
well as tangential stresses at the boundary of
their contact, are determined.

3. As a result of test calculations, a fairly
good consistency of the considered one-
dimensional model with improved finite-element
modeling is shown. Normal stresses in the
longitudinal direction and tangential stresses in
the plane of the model section under
consideration were obtained using the described
techniqgue and the finite element method. A
comparative analysis of the results obtained was
carried out. Recommendations are given for
further consideration of such constructions.
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df ¢ 1 dT(2)
= =— - 7 Eqg. 18
(2= Jf(x)dx R @ (Eq. 18)
2
S:% (Eq. 19)
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Figure 1. Integral composite rod: 1 — steel reinforcing component, 2 — external composite shell of
variable cross section
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Figure 2. Fragment of the rod and the outer shell, and the loads having an effect on them
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Figure 3. An example of the considered geometry of the product and its finite element model. The
zone of external pressure effect is shown in color
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Figure 4. The results of finite element modeling, a: normal stresses in the longitudinal direction, b:
tangential stresses in the plane of the considered model section

Periédico Tché Quimica. ISSN 2179-0302. (2019); vol.16 (n°33)
Downloaded from www.periodico.tchequimica.com
488



A T T T T T T T T T T T T T T T T T T T T T T
400 | I I I I =
e ¢ 4
&N
~ F 4
0
L . -
nn
200 | e 2 - g «vwe® -
X T = " =@ B _
R I R W e e e e A A A R R R e A e e e e e
00 F -
v i i i i 1 1 L 1 ! 2 L A L 1 L X L 1 1 L i L
” A -~ - AP =
oo oo . S0¥
0 100 200 300 400 300
A
N T T v T T T v T T T T T T T T T T T T
ol | T T T T ]
- 4
- B
. F R
sSon - N
W p
~ F 3
= -
- -
=rn E 4
-S00F ]
W E .
P E
- 1000 .
L1 " Il M Il 1 1 P~

. e s BT o e
oy ) : 500
C 100 200 300 400 00
an CT T T T T T T T T T T T T T T T T T T T T T T T T ™
oV &
L & . o 3
e 3
4'-‘ o ]
v - » 4
MM - —
20
v —
M- —
et 1 i A i 1 i 1 A 1 A 1 A i 1 A A i 1
n nn nn AN nn I
) O 200 300 400 500
0 00 200 300 o0 200

Figure 5. Comparison of the results of

c

analytical (solid lines) and numerical (points) modeling, a:

longitudinal stresses in the rod Sc(z) [MPa], b: longitudinal stresses in the shell So(z) [MPa], in:

tangential stresses at the contact 7(z)

[MPa]. Dotted lines show the corresponding stress limits
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