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RESUMO

No contexto deste trabalho, baseado na solugdo analitica construida do problema de transferéncia
térmica em corpos anisotropicos, componentes do tensor de condutividade térmica, dependendo da
temperatura, a transferéncia térmica é investigada sob a influéncia de uma fonte pontual de calor dentro do
corpo ou em uma superficie plana. Descobriu-se que a transferéncia térmica tem um comportamento
ondulatério com a presenca de uma frente de temperatura, onde as derivadas temporais e as variaveis
espaciais sdo destruidas, mas s&o continuas em relagdo a temperatura e ao fluxo de calor. Além disso, as
frentes de onda de calor sdo elipsoides no espago e elipsoides planos, dependendo do tempo. E possivel
calcular as coordenadas da velocidade da onda de calor, enquanto as velocidades dos pontos frontais séo
diferentes em diferentes direcoes.

Palavras-chave: condutividade térmica n&o-linear, corpos anisotrépicos, componentes do tensor de
condutividade térmica, solugdo analitica, ondas de calor.

ABSTRACT

Within this work, based on the built analytical solution of heat transfer problem in anisotropic bodies, the
thermal conductivity tensor components depending on temperature, the heat transfer is investigated under
influence of a point heat source, inside a body or on a plane body surface. It turned out that heat transfer has a
wave-like behavior with the presence of temperature front, where derivatives with respect to time and spatial
variables are broken but they are continuous with respect to temperatures and heat flux. Besides, the heat
wavefronts are ellipsoids in space and plane ellipsoids depending on time. Coordinates of heat wave velocity
can be calculated, at that, velocities of front points are different in different directions.

Keywords: nonlinear thermal conductivity, anisotropic bodies, thermal conductivity tensor components,
analytical solution, heat waves.
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AHHOTALIUA

B pamMKax aTon pa60TbI, OCHOBaHHON Ha NOCTPOEHHOM aHarMMTN4YeCKoOM peLleHnn 3agaym TennoobmeHa

B aHW3OTPOMNHbIX TeENnax,

KOMMOHEHTax TeH30pa TennonpoBoAHOCTM B 3aBUCUMMOCTM OT TemMmnepartypbl,

Tennonepenadya uccrieayeTtca nog BrinAHMEeM TOYE4YHOro MCTOYHMKA Tensa BHYTPU Tena Ui Ha noBepXHOCTU

nnockoro Tena. Okasanocs,

4YTO nepepgadva Tenna wMmeeTt BOHHOOGpaSHOG noeegeHne C Hanm4vmem

TeMnepaTypHoOro poHTa, rae NPou3BoAHbIE MO BPEMEHM U NMPOCTPAHCTBEHHbIE NMEPEMEHHbIE paspyLIaloTCs, HO
OHM ABMSIOTCS HEMPEPLIBHLIMU MO OTHOLLEHUIO K TemrepaTypam W TEennoBoMy noToky. Kpome Toro, TennoBbie
BOJIHOBblE (PPOHTbI SIBMSIOTCA SMMMMNCOMGAMM B KOCMWYECKMX M MIOCKUX 3Mnuncomaax, 3aBUCALUX OT
BpeMeHU. MOXXHO BbIYMCIUTL KOOPAUHATbLI CKOPOCTU TEMIOBOM BOSHbI, MPY 3TOM CKOPOCTU (PPOHTasbHBLIX TOYEK

pasfinyHa B pa3HbIX HanpaBreHUAX.

KnioyeBble cnoBa: HesiuHelHas mennonposoOHocmb, aHuU3o0mporiHele mersia, KOMIIOHeHmMbl meH30pa
mennonpoeodHocmu, aHasiumu4yeckoe peuweHue, merisiogble 80JIHbI.

INTRODUCTION

Heat transfer in bodies, thermal and
physical characteristics of which depend on
temperature (nonlinear medium), has wave-like
behavior even in cases when thermal conductivity
is based on Fourier phenomenology (relaxation
phenomena are absent) (Samarskii et al., 1995;
Zarubin and Kuvyrkin, 2002; Paz et al., 2016).
This is fully related to anisotropic bodies with the
difference that the fronts of thermal waves
depending on time are ellipsoids in space and
ellipses on a plane and have different velocities
of thermal wave points fronts.

The peculiarity of heat transfer in
anisotropic bodies with general anisotropy
(absence of non-zero tensor components) is the
presence of mixed derivatives in heat transfer
equations (Vidyarthi and Singh, 2016; Nenkaew
and Tangthieng, 2016). This fact is significantly
troubled the obtaining of analytical solutions for
anisotropic heat transfer problems even in non-
linear cases (Lasebikan et al., 2015; Singh and
Sinha, 2017). The analytical solution of
anisotropic thermal conductivity problems with
general anisotropy can be obtained by integral
methods in open or semi-open areas (Formalev,
2012; Formalev et al., 2018).

In a paper (Zarubin et al, 2018) the
analytical solution of anisotropic thermal
conductivity problem is found based on the
variation  method, particularly transversal
anisotropy.

Thermal conductivity nonlinear problem
solution peculiarities in one-dimensional regions
are fully investigated in monograph (Kozdoba et
al., 1975; Benzeggouta et al., 2018; Lurie et al.,
2017; Lomakin et al., 2018), besides, wave

activities of nonlinear thermal conductivity are
omitted there, but clear nonlinear classification is
given. Nonlinearity, connected with the
dependence from the temperature of thermal and
physical characteristics is called non-linearity of
the first kind.

In reference (Polyanin and Zajcev, 2002)
many analytical solutions of quasilinear equations
of diffusion in the one-dimensional region are
given based on the implementation of automodel
variables and general method of variables
separation, however, without any initial and
boundary conditions.

In this paper, based on a formed chain of
the automodel variables the analytical solution of
thermal conductivity in anisotropic mediums of
which thermal conductivity tensor components
depend on temperature is found and investigated,
however, these components are homogenous
polynomials depending on temperature.

Investigation of the analytical solution
showed that the thermal conductivity has a wave-
like behavior with clear-cut fronts depending on
time, at that, different temperature points on
fronts move with different velocities (anisotropy
sequence). In the linear case, a temperature
profile is monotonically progressively reduced in
accordance with the infinite velocity of heat flux
(Juhl, 2016; Hong et al., 2012).

In details thermal conductivity in anisotropic
bodies is considered in reference (Formalev,
2014; Formalev, 2015; Formalev and Kolesnik,
2018; Formalev and Kolesnik, 2007; Formalev
and Kolesnik, 2016a; Formalev and Kolesnik,
2016b; Formalev et al, 2006; Formalev and
Kolesnik, 2017a; Formalev and Kolesnik, 2017b).
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METHODOLOGY

The problem of non-stationary distribution
of temperatures T (x,y,z,t) in 3-D anisotropic

space V from an instantaneous point source with
energy E,, applied at the origin of coordinates

x=0, y=0, z=0 at aninitial time r=0, i.e. the
following Cauchy problem (Equations 1, 2).
where &(x—0), 8(y—0), (z-0) - Dirac
delta function, E; — pulse energy, besides, space

integral from temperature distribution initiated by
this energy is constant value Equation 3 where
initial condition can be indicated as follows
Equation 4. So, instead of the initial condition
(Equation 2) the condition (Equation 4) is
considered, so, solution of the problem (Equation
1), (Equation 4) will depend on E;/cp. Tensor

components of the thermal conductivity in
equation (1) are defined by expressions Equation
5 where the main tensor components of thermal
conductivity depend on temperature as follows

Equation 6. and ¢, i={&n.d}, j={xy.g) -

direction cosines of angles between the main axis
0O¢&, 0On, O of the thermal conductivity tensor

and axis Ox, Oy, Oz of rectangular Cartesian

coordinate  system; k. =const,  k, =const,

k; = const.

It's needed to find the non-stationary
distribution of temperatures 7 (x,y,z,t) under

influence of the point source (Equation 4), applied
to the point with the following coordinates x =0,
y=0, z=0 at the initial time ¢ =0, besides, in
the other space points in accordance with

condition (Equation 2) temperature is equal to
zero.

We use the linear transformation of rotation
around the origin of the Cartesian coordinate
system up to coincidence with the main tensor
axis of thermal conductivity, indicating by the
following ratios (Equations 7 — 9). Since matrix of
the linear transformation (Equation 8) is not
singular and orthogonal, then inverse matrix
coincides with transpose one, consequently,
based on formulas (Equation 8) we can get
inverted transformation Equations 10 - 12.
Substitution of transformation (Equation 8) to the
problem (Equations 1, 3, 4) leads to the problem
for the equation, where mixed differential

operators are absent Equations 13 — 15. Move to
a new system of coordinates (Equation 16) where
L - any number (for example, L=1). From
Equations 14, 15 we can obtain Equations 17 —
19. Here, a=L/cp.

We'll seek the solution of problem (18), (19)
in automodel view Equation 20, where Equation
21. In Equations 22, 23 indexes & and S are

defined by substitution Equations 22, 23 to the
problem (Equations 18, 19). Then we’ll obtain
Equations 22, 23. Based on Equations 22, 23 the
following two expressions can be written for o
and (Equations 24, 25, 26). Considering Equation
26, the problem (Equations 22, 23) transforms
into the following stationary form (Equations 27,
28).

Suppose the function 6(q,,q,.q;) is

centrally symmetric, i.e., depends on one
coordinate r of the spherical coordinate system
(Equations 29 — 34). Then, the problem
(Equations 27, 28) transforms to the following
Cauchy problem for nonlinear ordinary differential
Equations 35, 36. During the transition to a
spherical coordinate system (Equations 29-34)
the integral (Equation 28) over variable J is

equal to 2z, over variable ¥ — 2 and Jacobian is
equal r’cosy. Since the function 6(q,.q,.q,) is

centrally symmetric and transforms to the
function 8(r), then, for Equation 35 symmetry

condition should satisfy (Equation 37). So, the
problem (Equations 35, 36) for nonlinear general
differential Equation 35 is represented as
Equations 38, 39, 40. The first integral of
Equation 38 will be Equation 41. Besides, due to
Equation 40 at r=0 a constant value of

integration C, is equal to zero. Consequently

(Equation 42, 43). Equation 41 is a non-linear
ordinary differential equation with separable
variables. Its general solution is as follows at

Equation 44. Here, a constant value of integration

2
fo

2a(30+2)

be calculated using condition (Equation 43).
Considering (44) we’ll find (Equation 45), where

re|0;r,]. Integral of left-hand expression
(Equation 45) is calculated in quadratures,

is defined by expression , and 7, can

wherefore let's transform it to the view (L
Ty

ranges from 0/r,=0 to r/r=1). In

PERIODICO TCHE QUIMICA « WWW.PERIODICO.TCHEQUIMICA.COM « VOL 15. SPECIAL ISSUE 1
+ ISSN 1806-0374 (impresso) * ISSN 1806-9827 (CD-ROM) « ISSN 2179-0302 (meio eletrbnico)

© 2018. Porto Alegre, RS. Brasil

428



accordance with (Dwight, 1961) we have
Equation 47, where TI'(s) — gamma-function,
p=1/0, m=2. Simplifying the expression
(Equation 47) and substituting it to Equation 46,
we'll find constant value 7, (Equation 48).

Equations 44 and 48 indicates the solution of
Cauchy problem (Equations 42 — 44) and through
(Equation 20) — solution (Equations 18, 19).
Returning to Cartesian coordinates, we'll find the
solution of the original problem at Equations 1, 2

(Equation 49). Here 7, is defined by Equation 48.

Based on solution (Equation 49) we may see that
if expression in square brackets is equal to zero,
then, quadric surface (Equation 50) indicates
moving front, separating the area with non-zero
temperature and the other part of space with zero
temperature (Ose and Kunugi, 2014; Ayoola et
al., 2018; Hariramakrishnan and Sendilkumar,
2018). Based on Expression 48 we may see that
this area is ellipsoid with half-axes (Equation 51)
along the main axis O&, On, O¢ of the thermal
conductivity tensor. So, (Equation 48) indicates
moving the front of the heat wave, separating
area of nonzero solution and area free of thermal
perturbation.

From Equation 48 and Equation 49 we can
see that there’s no solution at oc=-2/3 and

o =0. Besides, from condition p+1:l+1>0
o

in (Equation 47) it follows
o€ (—oo—-1)u(-1,-2/3)U(0;e0), and
arguments of gamma functions in Equation 48
should not be negative integer numbers or zero,

l;«t—n and ot2 n=0,1,2,....
o 20

Negative values of o lead to infinity of the
thermal conductivity in problem with zero initial

temperature. Thus, the only interval o€ (0;00).

that
also

i.e. #—n,

makes sense.

RESULTS AND DISCUSSION:

The investigation of the solution (Equation
49) in 3-D is difficult and uncomfortable to be
performed. So, based on the specified method,
the two-dimensional problem in the plane is
obtained. It has the following form Equation 52.
where @ — angle between the axis O¢ and

Cartesian axis Ox, but 7, is represented by

Equation 53. Based on the investigation of the

condition l+1>0 in Equation 32 and o # -1,
o

o #0 there are intervals for o, (Equation 54)

where the solution (Equation 52) exists. Based on
zero equality in (Equation 52) expressions in
square brackets the geometrical place of points in
the plane can be Equation 55 being a conic
curve, which indicates moving front of the wave,
separating area of the non-zero solution and
another area with an initial distribution of
temperature (zero). So, the fronts of traveling
heat wave over cold space in plane represent
ellipses with half-axis (Equation 56). From the
investigation of Equation 52, it's followed that on
the front of traveling wave the temperature is
continuous, first-order derivatives with respect to
special variables are discontinuous, heat flux

density due to the presence of multiplier T? are
continuous and second-order derivatives of
temperature with respect to 3-D derivatives are
discrete.

In Figures 1-3, temperature distributions
along each of coordinate axis at fixed time are
shown based on Equations 52, 53 with the
following input data: o=1; 0=2; 0=3; ¢=0;

k; =5W/m-K7"); k, =1W/(m-K");

cp =2000 J/(m3K), E,=1000 J. Results are
given in the form of axial sections y=0 and
x=0. Besides, value E,/cp in accordance with

Equation 38 is included in expression for roz,

which indicates boundaries of heat wavefront.
Figures  confirm  wave-like  behavior  of
temperature distribution with the heat wavefront
on isotherm T =0, describing by ellipses with

half-axis (Equation 56). At r—0+0 solution
(Equation 52) tends to delta-function.

It's clear that nonzero solution areas in
different time are areas, bounded by ellipses with
different velocities of propagation of heat waves
in different directions.

For each angle ¢ from Equation 52, we

can find coordinates x of the wavefront at y =0
and coordinates y at x=0,when T(x,y,t)=0

(Equations 57, 58) where heat wavefront velocity
can be found (Equations 59, 60).

These results show that the nearer time to
initial time moment the higher temperature and
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when increasing time it significantly drops. So, at
o=1 in time moment t=10"°s temperature is
about 3000K , at the origin of coordinates and at

t=10"s and o=1, T=1000K. For
nanosecond durations, the temperature can
significantly exceed the phase transformation
temperature of any materials at the origin of
coordinates. In case of increasing o the
temperature  significantly  drops, because
increasing thermal conductivity leads the thermal
energy more intensively transfers to periphery
from the place of the energy source application.

CONCLUSIONS:

1. The method of getting of analytical
solution of heat conduction problems with
nonlinear thermal and physical characteristics in
anisotropic space from pulse source of thermal
energy was explained.

2. It turned out that the heat transfer
process has a wave-like behavior. It is defined by
thermal conductivity as homogenous polynomial
depending on temperature with the definite front
of a heat wave, moving non-stationary over cold
space. Besides, in accordance with anisotropic
behavior of heat transfer, heat wavefronts,
moving in different directions with different
velocities are 3-D ellipsoids and 2-D ellipsoids.

3. It's found that temperature is continuous
along the fronts of heat waves, first and second
temperature derivatives with respect to space
derivatives are discrete and densities of heat flux
are continuous because of multiplier availability
T°, that's unexpected because first-order

derivatives are discrete and heat flows are
continuous.
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cpa—T:i(ﬂxx(T)a—Tj+i(ﬂw(T)aT]+i(/1a (T)a—Tj+Zi(/1xy (T)a—Tj+

dr ox ax ) dy Jy | oz 3z ) ox dy

0 oT 0 oT
2_1_ 2_1 T_, s Vs _00;009 09 1
222,022 2.0 ) trnle (o). 15 i
E(x,,2,0)=E,-6(x-0)5(y-0)d(z-0), (2)
cp.[UT (x,y,z,t)dxdydz = E, = const, (3)

14

EO

_[”T (x,y,z,t)dxdydz =—% = const. (4)
% cp
A, (T)=2:(T)a;, + A, (T) ey, + A, (T) 5,
A, (T)=A,(T)=A(T)a,a:, + A4, (T) o, 0, + 2. (T) .
A (T)=2,(T)=24(T)a, . + A (T)a,a, + A, (T)oy ., (5)
A, (T)=4(T)ai, +4,(T)a,, + 4. (T)e,,
A (T)=A,(T)=A(T) o ;. + 4, (T) e, + 2. (T) & .,
A (T)=2(T)oz. +4,(T)e,, + A, (T) ..
Ae=kT%, A =k T, A =kT°, (6)
S=a,x+a,y+a,.z, 7)
n=o,x+a, y+a, .z, (8)
{=a, x+a,y+a,.z (9)
x=a,+a,n+a.(, (10)
y=a,+a, n+a, s, (11)
i=a S+a,n+a.l. (12)

oT 9 oT 0 oT 0 oT

SRR Ky PR o L PR T L 13
P af( : 8§J+8n( " anj%( : a;j "
{E.1m.8Ye (o), 1>0; (14)

E

J.”T(&?], {,t)dédnd{ =—2 = const. (15)
% cp
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x=E(Lik)", x=n(Lik)" x=C(Lik)", (16)

a_T d T,,BT 0 T"aT ta d T(,BT’ (17)
ot axl ox, sz ox, 8x3 ox,

{xl’xz’x3}e (_°°;°°)’ 1>0; (18)

T (x,, %, X%;,1) dx,dx,dx, =—2. (19)
I e =

L3/2 Cp

T (X%, %,1) =t -0(4q,,9,-43) (20)
06 80 80
t“"a-0(q,q,,9,)— —tq,—

l:a (ql q, q3) lg[ql aql 9 an aq3 j}

_ e, | 9 [9” 89]+ o {90 aaj J (9" aej (22)
a% a% an an a% a%
- Jkek k. E,

M= mB 4-9-4:) dg,dg,dg, = o (23)
a-l=a(oc+1)-24, (24)
a+38=0, (25)

- = (26)

30+2 30+2

0 00 0 00 0 00
0° 0° 0° +
“3 1( aqu a%[ a%j a%( a%]

3012\ Tag, " Pag, ! 30+2

— =0, (27)
an ’ a%

Jkek k,
32 ”J.H ql’qz’%)dqldqzd% % (28)

g, =rcosy-cosd, (29)
r=vq. +4¢; +q;, (30)
g, =rcosy-sind, (31)
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o= arctgﬁ,

q,
q,=rsiny,

9

NG+ 495+,

%i(rzaad—ej+ r_ 49, 3 4y,
dr

¥ = arcsin

r dr ) 36+2dr 30+2
Jk.k k
47[—53/2 3 jrz (r)dr:ﬂ
L g cp
676 (0)=0

a(30+2)
k.k k
4 IZ/Z ‘ Irz (”)d”:ﬂ»
r cp
676 (0)=0
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Figure 1. Temperature and temperature front of the thermal wave for o =1 at moments of time 1 —
t=10"s,2-1t=2-10"°s, 3—t=5-10"s, for the cross sections (a) —y =0, (b) —x=0.
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Figure 2. Temperature and temperature front of the thermal wave for o =1 at moments of time 1 —
t=107s, 2—1t=2-10"s, 3—1t=5-10"s, for the cross sections (a) =y =0, (b) —x=0.
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Figure 3. Temperature and temperature front of the thermal wave for o =1 at moments of time 1 —
t=2s,2-t=4s,3—1t=8s, for the cross sections (a) -y =0, (b) —x=0.
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